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SECTIONS OF THE MATSUMOTO-CADAVID-KORKMAZ LEFSCHETZ
FIBRATION
NORIYUKI HAMADA
Abstract. We give a maximal set of disjoint (−1)-sections of the well-known Lefschetz
fibration constructed by Matsumoto, Cadavid and Korkmaz. In fact, we obtain several
such sets for a fixed genus, which implies that the Matsumoto-Cadavid-Korkmaz Lefschetz
fibration has more than one supporting minimal Lefschetz pencils. We also determine
the diffeomorphism types of the obtained supporting minimal Lefschetz pencils.
1. Introduction
In smooth 4-dimensional topology, Lefschetz fibrations and pencils have been of great in-
terest due to its close relationship to symplectic 4-manifolds and its combinatorial description
via mapping class groups. As the notion of Lefschetz fibration came from that of Lefschetz
pencil, blowing up at the base points of a given Lefschetz pencil naturally yields a Lefschetz
fibration in which the exceptional spheres become disjoint sections of self-intersection −1
(called (−1)-sections). In such a situation, we say that the Lefschetz pencil supports the
resulting Lefschetz fibration. Conversely, if a Lefschetz fibration has disjoint (−1)-sections it
can be blown down to obtain a Lefschetz pencil that supports the original fibration. In this
way we can interchangeably think of the base points of a Lefschetz pencil as a set of disjoint
(−1)-sections of a Lefschetz fibration. Therefore, to investigate disjoint (−1)-sections of a
given Lefschetz fibration, or equivalently to investigate its supporting Lefschetz pencils, has
been a fundamental concern. In particular, it has been extensively studied in the case of the
Lefschetz fibration whose monodromy is the hyperelliptic relation [25, 30, 39].
Regarding this motivation, there is a remarkably important example of Lefschetz fibra-
tion, which we would like to explore. In [27], Matsumoto originally constructed a genus-2
Lefschetz fibration on T 2 × S2#4CP2 with 8 critical points. Then Cadavid [12] and Ko-
rkmaz [23] independently generalized it to higher genera: a genus-g Lefschetz fibration on
Σg/2 × S
2#4CP2 with 2g + 4 critical points for even g ≥ 2, or on Σ(g−1)/2 × S
2#8CP2
with 2g + 10 critical points for odd g ≥ 1, respectively. We call this Lefschetz fibration the
Matsumoto-Cadavid-Korkmaz Lefschetz fibration (MCK for short) in this paper. The MCK
Lefschetz fibration has become one of the most basic examples in the theory of Lefschetz
fibrations and played great roles, especially as a powerful source to construct new Lefschetz
fibrations, surface bundles, Stein fillings, symplectic 4-manifolds, and so on, with various in-
teresting features [32, 23, 24, 38, 33, 17, 40, 35, 36, 4, 1, 2, 3, 5, 9, 20, 21, 22, 29]. The MCK
Lefschetz fibration itself has several remarkable features such as having quite small number
of critical points (the smallest among the known examples for g ≥ 4), large b1 (the largest
among the known for even g 1), high symmetricity of the vanishing cycles, in particular, it
1For odd g it had been also the largest until Baykur [6] recently found a Lefschetz fibration with b1 one
larger than that of the MCK Lefschetz fibration.
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is hyperelliptic when g is even. Besides, the MCK Lefschetz fibration can be also viewed as
a generalization of the well-known elliptic Lefschetz fibration E(1) = CP2#9CP2 → S2; the
genus-1 MCK Lefschetz fibration is isomorphic to this elliptic fibration.
Although a set of two disjoint (−1)-sections of the MCK Lefschetz fibration has been
already known (see below), the problem asking the maximal number of disjoint (−1)-sections
it can admit has been still unsolved. Since the underlying 4-manifold has four or eight
exceptional spheres (depending on the parity of genus), we might expect that the fibration
can also admit four or eight disjoint (−1)-sections, respectively. The main aim of this paper
is to show that this expectation is quite right, giving such a maximal set of disjoint (−1)-
sections for arbitrary genus by explicitly constructing a monodromy factorization that locates
the required sections.
In fact, we do not give only one such maximal set, but also give several. This is because
such a maximal set of (−1)-sections provides a minimal Lefschetz pencil and we are also
interested in what kind of supporting minimal Lefschetz pencils for the MCK Lefschetz
fibration there exist. We will study the pencil structures of the obtained supporting minimal
pencils and see that some of them are not mutually isomorphic. Namely, the MCK Lefschetz
fibration has more than one supporting minimal Lefschetz pencils (Theorem 7). To the best
of the author’s knowledge, this is the first example of a Lefschetz fibration having multiple
supporting minimal Lefschetz pencils. We also observe that the minimal Lefschetz pencils
supporting the MCK Lefschetz fibrations exhaust all the diffeomorphism types of minimal
symplectic 4-manifolds with symplectic Kodaira dimension −∞ (Remark 6).
For the convenience of the reader we briefly recall and summarize the correspondence
between Lefschetz fibrations and relations among Dehn twists. We refer to [16] for details
and the undefined terminology. Throughout the paper, we assume a Lefschetz fibration to
be smooth, relatively minimal, nontrivial, i.e. it has at least one critical point, and over
the base space S2. Let Σkg denote a compact oriented surface of genus g with k boundary
components and Mod(Σkg) the mapping class group of Σ
k
g whose elements (and isotopies used
in the definition) are restricted to be identity on the boundary. If k = 0 it is dropped from
the notation. We adopt the functional notation for the product of mapping class groups:
for two elements ϕ1, ϕ2 in Mod(Σ
k
g) the product ϕ2ϕ1 means applying ϕ1 first and then ϕ2.
Via its monodromy representation, a genus-g Lefschetz fibration with n critical points gives
rise to a positive factorization (or monodromy factorization) of the identity in Mod(Σg)
tan · · · ta2ta1 = 1
by nontrivial right-handed Dehn twists {tai} (along its vanishing cycles). The factorization
is uniquely determined up to so-called Hurwitz equivalence, which is the equivalence relation
generated by Hurwitz moves and simultaneous conjugations. Conversely, given such a posi-
tive factorization we can construct a Lefschetz fibration whose monodromy factorization is
the given one.
If a genus-g Lefschetz fibration with tan · · · ta2ta1 = 1 has k disjoint (−1)-sections {sj},
the monodromy factorization can be lifted to Mod(Σkg) in the form
ta˜n · · · ta˜2ta˜1 = tδ1tδ2 · · · tδk ,
where a˜i is a lift of ai and δj is the curve parallel to the j-the boundary components: that is a
positive factorization of the boundary multi-twist tδ1tδ2 · · · tδk . To be precise, here we identify
the reference fiber F of the Lefschetz fibration with Σg and F\∪(small open disk neighborhood of F∩
sj) with Σ
k
g . Again, conversely, given a positive factorization ta˜n · · · ta˜2ta˜1 = tδ1tδ2 · · · tδk of
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the boundary multi-twist in Mod(Σkg) such that a˜i descends to a homotopically non-trivial
curve ai in Σg, we can construct a Lefschetz fibration with the desired (−1)-sections {sj}
(cf. [14]). In terms of this description of (−1)-sections of Lefschetz fibrations—hence Lef-
schetz pencils—, the isomorphism class of a Lefschetz pencil is uniquely determined by the
positive factorization of the boundary multi-twist up to the generalized Hurwitz equivalence
in the sense of Baykur-Hayano [10] (see also [27]).
Now we can introduce the MCK Lefschetz fibration. With the curves in Σg as depicted
in Figure 1, we set
(1) W =
{
(tB0tB1 . . . tBg tC)
2 for even g
(tB0tB1 . . . tBg t
2
at
2
b)
2 for odd g.
Then the relation W = 1 holds in Mod(Σg). Thus we can obtain a Lefschetz fibration
fW : X
4
W → S
2 with the monodromy factorization W = 1; we call fW the Matsumoto-
Cadavid-Korkmaz Lefschetz fibration. We also refer to the relation W = 1 as the MCK
relation. We remark that when g = 1, one can directly check that the MCK relation is
Hurwitz equivalent to the relation (tαtβ)
6 = 1 where α is the meridian and β is the longitude
of the torus, that is, a monodromy factorization of the elliptic Lefschetz fibration E(1)→ S2.
In this sense, we can regard the MCK Lefschetz fibration as a generalization of the elliptic
Lefschetz fibration. As we already mentioned, the diffeomorphism type of the total space is
as follows:
XW =
{
Σg/2 × S
2#4CP2 for even g
Σ(g−1)/2 × S
2#8CP2 for odd g.
(a) For odd genus g. (b) For even genus g.
Figure 1. The vanishing cycles for the MCK Lefschetz fibration.
(a) For odd genus g. (b) For even genus g.
Figure 2. The curves for the known lift of the MCK relation.
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Moreover, from Korkmaz’s construction via the Birman-Hilden double-covering, the rela-
tion W = 1 can be naturally lifted to Mod(Σ2g):
(2) W = tδ1tδ2 ,
where the lifted curves are as shown in Figure 2 [23, 24] (Here we used the same symbols as
in Σg, by abuse of notation). It follows that the MCK Lefschetz fibration has at least two
disjoint (−1)-sections.
In summary, the main arguments in the paper, which appear in Section 3, consist of es-
tablishing positive factorizations of the boundary multi-twist that are lifts of the monodromy
factorization W = 1 of the MCK Lefschetz fibration to Mod(Σkg) with the largest possible k
(specifically, k = 4 for even g and k = 8 for odd g). We will see that some of the new lifts
are also further lifts of the known one (2). By blowing down the resulting sections we obtain
minimal Lefschetz pencils. In Section 4, we will determine the diffeomorphism types of the
total spaces of those pencils.
2. Basic relations
Our method to construct positive factorizations of the boundary multi-twist is purely
combinatorial: combining known relations to get a new relation. We also utilize relations
in the braid groups via the Birman-Hilden double-covering, as Korkmaz originally did, to
make the argument clearer. For convenience’s sake, in this Section, we gather several known
relations among half twists and Dehn twists that will be used later. For a comprehensive
reference, consult [15].
Let Bn be the braid group on n strands with the standard generators σ1, σ2, · · · , σn−1
where σi is the braid that has only one crossing at which the i-th strand passes in front of
the (i+1)-st strand. When we think of Bn as the mapping class group of a closed disk with
horizontally arranged n marked points, we can also describe the braid σi as the right-handed
half-twist τγi about the standard arc γi connecting the i-th puncture and the (i + 1)-st
puncture in the disk. We again use the functional notation for the product of braid groups
as we will mainly see them as mapping class groups.
2.1. Braid relation. We will denote by τα the right-handed half-twist about a simple proper
arc α connecting two punctures in a punctured disk. Let β be another such arc, then we
have the relation
τατβτ
−1
α = ττα(β), or equivalently, τατβ = ττα(β)τα,
which we call the braid relation. This relation implies the usual braid relation: τατβτα =
τβτατβ when α and β intersect exactly once at an end point. It also implies that τατβ = τβτα
when α and β are disjoint.
As for Dehn twists, for any simple closed curves a and b (on any surface), we have the
relation
tatb = tta(b)ta,
which is a variation of the braid relation. Similarly as the half-twists, we can induce that
tatbta = tbtatb when a and b intersect transversely at one point and that tatb = tbta when a
and b are disjoint. In the context of monodromy factorizations, exchanging a subword tatb
to tta(b)ta or vice versa is called a Hurwitz move or an elementary transformation.
We will freely use braid relations (often without mentioning it) in the calculations.
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2.2. The chain relation. In the braid group Bn, we have the chain relation
(σ1σ2 · · ·σn−1)
n = tδ,
where δ is the curve parallel to the boundary of the punctured disk. The left-hand side can
be seen as the full-twist about the n strands, which in turn can be regarded as the Dehn
twist along the boundary-parallel curve.
2.3. Lantern relation. Consider the four-holed sphere in Figure 3. Then the relation
tαtβtγ = tδ1tδ2tδ3tδ4
holds in Mod(Σ40). This is called the lantern relation.
Figure 3. Four-holed sphere with boundary {δ1, δ2, δ3, δ4}.
Lantern breeding. We will often encounter the following situation, where we can effectively
find a new section from an old one: suppose that we have a positive factorization of the
boundary multi-twist in Mod(Σkg) in the form
(3) W1ta1ta2W2 = tδ1 · · · tδj · · · tδk ,
where the curves a1, a2 and δj bound a three-holed sphere as in the leftmost of Figure 4.
By the commutativity, we can reform it to
W1t
−1
δj
ta1ta2W2 = tδ1 · · · tδj−1tδj+1 · · · tδk .
Then we embed Σkg to Σ
k+1
g as indicated in the middle of Figure 4 so that the curves a1, a2,
δ′j and δ
′′
j bound a four-holed sphere. Thus we have a lantern relation ta1ta2tδ′j tδ′′j = tδj ta3ta4 ,
which is equivalent to t−1δj ta1ta2 = ta3ta4t
−1
δ′
j
t−1δ′′
j
. By substituting this to the above equation,
we get
W1ta3ta4t
−1
δ′
j
t−1δ′′
j
W2 = tδ1 · · · tδj−1 tδj+1 · · · tδk ,
which can be rewritten as
W1ta3ta4W2 = tδ1 · · · tδj−1tδ′j tδ′′j tδj+1 · · · tδk .
After renaming the boundary components, we obtain
(4) W1ta3ta4W2 = tδ1 · · · tδktδk+1
in Mod(Σk+1g ), which is again a positive factorization of the boundary multi-twist with the
number of boundary components increased. Moreover, this is a further lift of the original
factorization (3). We call this technique to obtain the new factorization (4) from an old
factorization (3) the lantern breeding (with respect to {a1, a2, δj}). The lantern breeding
is the most basic technique to find (−1)-sections, which has been repeatedly used in the
literature.
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Figure 4. Lantern breeding.
3. Lifts of the MCK relation
From now on, we construct several positive factorizations of the boundary multi-twist in
Mod(Σkg) where k = 4 for even g or k = 8 for odd g, respectively, so that each of them
is a lift of the monodromy factorization W = 1 of the MCK Lefschetz fibration. Let us
give an outline of the construction procedure, which consists of a number of steps. We first
find a lift of W = 1 for odd genus g = 2h− 1 to Mod(Σ22h−1) by constructing a relation in
B4h and then translating it into a relation in Mod(Σ
2
2h−1) via the Birman-Hilden double-
covering. We perform two lantern breedings to the resulting lift to obtain a further lift to
Mod(Σ42h−1): W0 = δ1 · · · δ4. By performing two other lantern breedings in two different
ways we will have two lifts to Mod(Σ62h−1): WI = δ1 · · · δ6 and WII = δ1 · · · δ6. We will find
further room to perform two more lantern breedings with several combinations, which gives
six lifts to Mod(Σ82h−1): WIA = δ1 · · · δ8, WIB♯ = δ1 · · · δ8, WIB♭ = δ1 · · · δ8, WIIA = δ1 · · · δ8,
WIIB♯ = δ1 · · · δ8 and WIIB♭ = δ1 · · · δ8. For even genus g = 2h, we embed Σ
6
2h−1 into Σ
4
2h
and make the best of the already-established relations WI = δ1 · · · δ6 and WII = δ1 · · · δ6 to
construct four lifts of W = 1 for g = 2h to Mod(Σ42h): WIA = δ1 · · · δ4, WIB = δ1 · · · δ4,
WIIA = δ1 · · · δ4 and WIIB = δ1 · · · δ4.
3.1. A lift to Mod(Σ42h−1) via the braid group. We first follow Korkmaz’s original
construction of the MCK relation via the braid group, but in a slightly different manner so
that we can find configurations of curves for lantern breedings.
3.1.1. Consider the chain relation in B4h:
tδ = (σ1σ2 · · ·σ4h−1)
4h.
By a cyclic permutation and commutativity relations, we alter it as
tδ = (σ2h+1 · · ·σ4h−1 · σ1 · · ·σ2h−1 · σ2h)
4h
= (σ1 · · ·σ2h−1 · σ2h+1 · · ·σ4h−1 · σ2h)
4h.
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Figure 5. A conjugation of σ2h+1 · · ·σ4h−1 coincides with σ4h−1 · · ·σ2h+1.
We read braid pictures up to down as we read braid words right to left.
Then we take the simultaneous conjugation of the last expression by
(σ4h−1 · · ·σ2h+2)(σ4h−1 · · ·σ2h+3) · · · (σ4h−1σ4h−2)(σ4h−1).
Since this does not affect σ1 · · ·σ2h−1 and σ2h, we only need to see the effect on σ2h+1 · · ·σ4h−1:
(σ4h−1 · · ·σ2h+2)(σ4h−1 · · ·σ2h+3) · · · (σ4h−1σ4h−2)(σ4h−1)
· (σ2h+1 · · ·σ4h−1) · (σ
−1
4h−1)(σ
−1
4h−2σ
−1
4h−1) · · · (σ
−1
2h+3 · · ·σ
−1
4h−1)(σ
−1
2h+2 · · ·σ
−1
4h−1)
= (σ4h−1 · · ·σ2h+2)(σ4h−1 · · ·σ2h+3) · · · (σ4h−1σ4h−2)(σ4h−1)
· (σ2h+1 · · ·σ4h−2) · (σ
−1
4h−2 σ
−1
4h−1) · · · (σ
−1
2h+3 · · ·σ
−1
4h−1)(σ
−1
2h+2 · · ·σ
−1
4h−1)
= (σ4h−1 · · ·σ2h+2)(σ4h−1 · · ·σ2h+3) · · · (σ4h−1σ4h−2)
· (σ2h+1 · · ·σ4h−3) · (σ
−1
4h−3 σ
−1
4h−2σ
−1
4h−1) · · · (σ
−1
2h+3 · · ·σ
−1
4h−1)(σ
−1
2h+2 · · ·σ
−1
4h−1)
= · · ·
= (σ4h−1 · · ·σ2h+2)(σ4h−1 · · ·σ2h+3) · (σ2h+1σ2h+2) · (σ
−1
2h+2 σ
−1
2h+3 · · ·σ
−1
4h−1)
= σ4h−1 · · ·σ2h+2σ2h+1
(cf. Figure 5). Hence, the above simultaneous conjugation results in
tδ = (σ1 · · ·σ2h−1 · σ4h−1 · · ·σ2h+1 · σ2h)
4h.
Setting Γ = σ1 · · ·σ2h−1 · σ4h−1 · · ·σ2h+1 = τγ1 · · · τγ2h−1 · τγ4h−1 · · · τγ2h+1 , we modify the
equation as follows
tδ = (Γσ2h)
4h = ((Γτγ2h)
2h)2
= (τΓ(γ2h) · Γ
2τγ2h · (Γτγ2h)
2h−2)2
= · · ·
= (τΓ(γ2h)τΓ2(γ2h) · · · τΓ2h(γ2h) · Γ
2h)2
(cf. Figure 6(a)). In addition, by the chain relations we see
Γ2h = (τγ1 · · · τγ2h−1)
2h(τγ4h−1 · · · τγ2h+1)
2h = td1td2 ,
where d1 (or d2) is the boundary of a small regular neighborhood of γ1 ∪ · · · ∪ τγ2h−1 (or
γ4h−1 ∪ · · · ∪ τγ2h+1), respectively. We thus have
tδ = (τΓ(γ2h)τΓ2(γ2h) · · · τΓ2h(γ2h)td1td2)
2.
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Finally, taking the simultaneous conjugation by t−1d2 and putting βi = t
−1
d2
Γi+1(σ2h) (i =
0, 1, · · · , 2h− 1), we obtain the following relation in B4h:
tδ = (τβ0τβ1 · · · τβ2h−1td1td2)
2,(5)
where the arcs and curves are as depicted in Figure 6(b). 
(a) The arcs Γ(σ2h),Γ
2(σ2h), · · · ,Γ
2h(σ2h) and
the curve d2.
(b) The arcs β0, β1, · · · , β2h−1 and the curves
d1, d2.
Figure 6. The curves for the relations in B4h.
3.1.2. Nextly, we project the relation (5) to Mod(Σ22h−1) via the Birman-Hilden double
covering. We briefly recall this notion, but for the detail see [15]. Consider the surface
Σ22h−1 in the left of Figure 7 and the involution ι that is the rotation about the horizontal
axis by π (which is a lift of the hyperelliptic involution). Taking the quotient yields a double
branched covering p : Σ22h−1 → D
2 = Σ22h−1/ι with 4h branched points. We mark (the
images of) these 4h points on D2 and identify the mapping class group of the marked disk
with B4h. For a diffeomorphism f : D
2 → D2 preserving the marked points setwise and the
boundary component pointwise, we can find a unique diffeomorphism f ′ : Σ22h−1 → Σ
2
2h−1
such that f ◦ p = p ◦ f ′. Note that, then f ′ commutes with ι and preserves the boundary
components pointwise. Moreover, it turns out that [f ′] ∈ Mod(Σ24h−1) depends only on
[f ] ∈ B4h. In this way, we can define a homomorphism
Φ : B4h → Mod(Σ
2
4h−1),
which is known to be injective (and the image is the symmetric mapping class group). Note
that the half-twist τγ about a proper arc γ connecting two distinct punctures projects to the
Dehn twist tc along the simple closed curve c that is the lift of γ by p.
We project the relation (5) to Mod(Σ22h−1) by Φ. The resulting relation is
tδ1tδ2 = (tB0tB1 · · · tB2h−1ta1tb1ta2tb2)
2,(6)
where the curve Bi is the lift of βi and aj ∪ bj is the lift of dj as illustrated in the left of
Figure 7 (the picture can be seen in a more symmetrical manner as the right of the same
Figure). 
3.1.3. In the relation (6), we find two chances for lantern breeding, i.e., {a1, a2, δ1} and
{b1, b2, δ2}. We perform these lantern breedings as follows:
tδ1tδ2 = tB0 · · · tB2h−1 ta1ta2 tb1tb2 · tB0 · · · tB2h−1ta1tb1ta2tb2
↓
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Figure 7. The curves B0, · · · , B2h−1, a1, b1, a2, b2 on Σ
2
2h−1: the lifts of
β0, · · · , β2h−1, d1, d2.
Figure 8. The curves B0, · · · , B2h−1, ai, bi for W0.
tδ1 · · · tδ4 = tB0 · · · tB2h−1 ta3ta′3tb3tb′3 · tB0 · · · tB2h−1ta1tb1ta2tb2
= tB0 · · · tB2h−1 ta3tb3ta′3tb′3 · tB0 · · · tB2h−1ta1tb1ta2tb2 .(7)
Here the new relation holds in Mod(Σ42h−1), where the involved curves are as in Figure 8. 
3.1.4. We can indeed simplify the relation (7), yet, to do so we need to examine the effects
of some Hurwitz moves. Let us write ∆ = tB0 · · · tB2h−1 and examine the actions of ∆ on the
curves ai, bi and a
′
3, b
′
3. To study these actions, we can reduce the argument in the mapping
class group to that in the braid group; we observe the actions of Φ−1(∆) = τβ0τβ1 · · · τβ2h−1
on the curves d1 and d2 and the arc d3 in Figure 10(a). Here we regard Φ as the natural
map B4h → Mod(Σ
2
2h−1) → Mod(Σ
4
2h−1) where Σ
2
2h−1 is the subsurface of Σ
4
2h−1 bounded
by δ˜1 and δ˜2 (the original boundary before the lantern breedings) as indicated in the left of
Figure 8. As long as considering actions on d1, d2 and d3, the action of τβ0τβ1 · · · τβ2h−1 has
the same effect as that of ω = τβ0τβ1 · · · τβ2h−1td1td2 does since td1td2 acts trivially on d1, d2
and d3. From the construction of the relation (5), we see
ω = τβ0τβ1 · · · τβ2h−1td1td2 = t
−1
d2
(Γτγ2h)
2htd2 = t
−1
d2
(σ1 · · ·σ2h−1 · σ4h−1 · · ·σ2h+1 · σ2h)
2htd2 .
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Figure 9. (σ1σ2σ3 · σ7σ6σ5 · σ4)
4 = (σ1)(σ2σ1) · · · (σ7 · · ·σ2σ1) = the half-twist.
We now consider the action of the part (σ1 · · ·σ2h−1 ·σ4h−1 · · ·σ2h+1 ·σ2h)
2h. First, we claim
that
(σ1 · · ·σ2h−1 · σ4h−1 · · ·σ2h+1 · σ2h)
2h = (σ1)(σ2σ1)(σ3σ2σ1) · · · (σ4h−1 · · ·σ1)
(cf. Figure 9). The right hand side is “the half-twist about the 4h strands” and as a
diffeomorphism it can be described as in the rightmost of Figure 9. We can verify the above
equation as follows:
(LHS) =
(
2h−1∏
i=1
σi
2h−1∏
j=1
σ4h−j · σ2h
)2h
=
(
2h−1∏
i=1
σi
2h∏
j=1
σ4h−j
)2h
=
2h−1∏
i=1
σi
2h∏
j=1
σ4h−j ·
2h−2∏
i=1
σi · σ2h−1 ·
2h∏
j=1
σ4h−j
(
2h−1∏
i=1
σi
2h∏
j=1
σ4h−j
)2h−2
=
2h−1∏
i=1
σi
2h−2∏
i=1
σi
(
2h+1∏
j=1
σ4h−j
2h∏
j=1
σ4h−j
)(
2h−1∏
i=1
σi
2h∏
j=1
σ4h−j
)2h−2
=
2h−1∏
i=1
σi
2h−2∏
i=1
σi
(
2h+1∏
j=1
σ4h−j
2h∏
j=1
σ4h−j
)
·
2h−3∏
i=1
σi · σ2h−2 · σ2h−1 ·
2h∏
j=1
σ4h−j
·
(
2h−1∏
i=1
σi
2h∏
j=1
σ4h−j
)2h−3
=
2h−1∏
i=1
σi
2h−2∏
i=1
σi
2h−3∏
i=1
σi
(
2h+2∏
j=1
σ4h−j
2h+1∏
j=1
σ4h−j
2h∏
j=1
σ4h−j
)(
2h−1∏
i=1
σi
2h∏
j=1
σ4h−j
)2h−3
= · · ·
=
2h−1∏
i=1
σi
2h−2∏
i=1
σi
2h−3∏
i=1
σi · · ·
1∏
i=1
σi
(
4h−1∏
j=1
σ4h−j ·
4h−2∏
j=1
σ4h−j ·
4h−3∏
j=1
σ4h−j · · ·
2h∏
j=1
σ4h−j
)
=
2h−1∏
i=1
σi
2h−2∏
i=1
σi · · ·
1∏
i=1
σi
(
4h−2∏
j=1
σ4h−1−j
4h−1∏
j=1
σ4h−j ·
4h−3∏
j=1
σ4h−j ·
4h−4∏
j=1
σ4h−j · · ·
2h∏
j=1
σ4h−j
)
=
2h−1∏
i=1
σi
2h−2∏
i=1
σi · · ·
1∏
i=1
σi
(
4h−3∏
j=1
σ4h−2−j
4h−2∏
j=1
σ4h−1−j
4h−1∏
j=1
σ4h−j ·
4h−4∏
j=1
σ4h−j · · ·
2h∏
j=1
σ4h−j
)
= · · ·
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=
2h−1∏
i=1
σi
2h−2∏
i=1
σi · · ·
1∏
i=1
σi
(
2h∏
j=1
σ2h+1−j · · ·
4h−3∏
j=1
σ4h−2−j
4h−2∏
j=1
σ4h−1−j
4h−1∏
j=1
σ4h−j
)
=
2h−2∏
i=1
σi · σ2h−1 ·
2h−3∏
i=1
σi · σ2h−2 · · ·
1∏
i=1
σi · σ2 · σ1 ·
(
2h∏
j=1
σ2h+1−j · · ·
4h−2∏
j=1
σ4h−1−j
4h−1∏
j=1
σ4h−j
)
=
2h−2∏
i=1
σi
2h−3∏
i=1
σi · · ·
1∏
i=1
σi
(
2h−1∏
j=1
σ2h−j ·
2h∏
j=1
σ2h+1−j · · ·
4h−2∏
j=1
σ4h−1−j
4h−1∏
j=1
σ4h−j
)
= · · ·
=
1∏
j=1
σ2−j · · ·
4h−2∏
j=1
σ4h−1−j
4h−1∏
j=1
σ4h−j = (RHS). 
(a) Actions of Φ−1(∆) on d1, d2, d3.
(b) Actions of ∆ on a1, a2, a3.
Figure 10. Analysis of actions of ∆ = tB0 · · · tB2h−1 .
From its geometric description in the rightmost of Figure 9, it is obvious that the map
(σ1)(σ2σ1) · · · (σ4h−1 · · ·σ1) sends d1, d2, d3 to d2, d1, d
′
3, respectively. So does ω and then
Φ−1(∆):
Φ−1(∆)(d1) = d2 Φ
−1(∆)(d2) = d1 Φ
−1(∆)(d3) = d
′
3
(cf. Figure 10(a)). Considering the geometric description again, it is easy to see that ∆
sends the upper half of the surface Σ42h−1 to the upper half and the lower half to the lower
half. Since ai ∪ bi is the lift of di (i = 1, 2), ∆(a1) must be a2 or b2. Meanwhile a1 and a2
are in the upper half while b2 are not. We can thus conclude that ∆(a1) = a2. The curve a3
contains one component of the lift of d3 and the rest arc of a3 lies out of the support of ∆
(see Figure 10(b)). It follows that ∆(a3) consists of one component of the lift of d
′
3 and the
same arc above. The resulting curve is indeed a′3. By the similar arguments, we can observe
the actions of ∆ on the other curves. Summarizing, we have the following properties
∆(a1) = a2, ∆(b1) = b2,
∆(a2) = a1, ∆(b2) = b1,
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∆(a3) = a
′
3, ∆(b3) = b
′
3.
3.1.5. Using the above properties, we can simplify the relation (7) as follows
tδ1 · · · tδ4 = tB0 · · · tB2h−1ta3tb3ta′3tb′3 · tB0 · · · tB2h−1 ta1tb1ta2tb2
= tB0 · · · tB2h−1ta3tb3 · tB0 · · · tB2h−1t∆−1(a′3)t∆−1(b′3)ta1tb1ta2tb2
= tB0 · · · tB2h−1ta3tb3 · tB0 · · · tB2h−1ta3tb3ta1tb1ta2tb2
= tB0 · · · tB2h−1ta3tb3t∆(a2)t∆(b2) · tB0 · · · tB2h−1ta3tb3ta1tb1
= (tB0 · · · tB2h−1ta3tb3ta1tb1)
2.
By similar modifications, we obtain
tδ1 · · · tδ4 = (tB0 · · · tB2h−1ta1ta3tb1tb3)
2,(8)
tδ1 · · · tδ4 = (tB0 · · · tB2h−1ta2ta3tb2tb3)
2,(9)
tδ1 · · · tδ4 = (tB0 · · · tB2h−1ta1ta3tb2tb3)
2(10)
(cf. Figure 8). Note that the above three factorizations are Hurwitz equivalent since we only
used Hurwitz moves. We will refer to these Hurwitz equivalent words as W0. 
3.2. Two lifts to Mod(Σ62h−1). We further perform two more lantern breedings to W0 =
tδ1 · · · tδ4 using two different configurations.
3.2.1. We first use {a1, a3, δ3} and {b1, b3, δ4} with the expression (8) for W0:
tδ1 · · · tδ4 = tB0 · · · tB2h−1 ta1ta3tb1tb3 · tB0 · · · tB2h−1 ta1ta3 tb1tb3
↓
tδ1 · · · tδ6 = tB0 · · · tB2h−1 ta1ta3tb1tb3 · tB0 · · · tB2h−1 tx1tx2ty1ty2 ,(11)
where the curves are shown in Figure 11. We denote by WI the last word. 
Figure 11. The curves B0, · · · , B2h−1, ai, bi, xi, yi for WI.
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3.2.2. Secondary, we use {a1, a3, δ3} and {b2, b3, δ2} with the expression (10) forW0. Before
doing lantern breedings, we take the conjugation of the expression (10) by t−1b1 tb2 as
tδ1 · · · tδ4 = (tB′0 · · · tB′2h−1ta1ta3tb2tb3)
2,
where B′i = t
−1
b1
tb2(Bi). Then perform the lantern breedings:
tδ1 · · · tδ4 = tB′0 · · · tB′2h−1 ta1ta3tb2tb3 · tB′0 · · · tB′2h−1 ta1ta3 tb2tb3
↓
tδ1 · · · tδ6 = tB′0 · · · tB′2h−1 ta1ta3tb2tb3 · tB′0 · · · tB′2h−1 tx1tx2ty1ty2 ,(12)
where the curves are shown in Figure 12. We denote by WII the last word. 
Figure 12. The curves B′0, · · · , B
′
2h−1, ai, bi, xi, yi for WII.
3.3. The case of odd genus: g = 2h− 1. For odd g = 2h− 1, we finally construct lifts of
the MCK relation to Σ8g. There are several combinations to take further lantern breedings
to WI = tδ1 · · · tδ6 and WII = tδ1 · · · tδ6 . Due to these combinations, we will have several lifts.
In the following calculations, ϕ(ψ) means the conjugate of ψ by ϕ, i.e., ϕ(ψ) = ϕψϕ
−1.
3.3.1. Type IA. Perform the lantern breedings to WI = tδ1 · · · tδ6 using {a1, x1, δ5} and
{b3, y2, δ6} as
tδ1 · · · tδ6 = tB0 · · · tBg ta1ta3tb1tb3 · tB0 · · · tBg tx1tx2ty1ty2
= ty2 (tB0 · · · tBg ) ty2ta1ta3tb1tb3tx1 · t−1x1
(tB0 · · · tBg ) tx2ty1
= ty2 (tB0 · · · tBg ) ta3ta1tx1ty2tb3tb1 · t−1x1
(tB0 · · · tBg ) tx2ty1
= t−1a3 ty2
(tB0 · · · tBg ) ta1tx1ty2tb3 · tb1 t
−1
x1
(tB0 · · · tBg ) tb1tx2ty1ta3
= t−1a3 ty2
(tB0 · · · tBg ) ta1tx1 ty2tb3 · tb1 t
−1
x1
(tB0 · · · tBg ) tx2ta3ty1tb1
↓
tδ1 · · · tδ8 = tB0,1tB1,1 · · · tBg,1ta1ta2tb1tb2 · tB0,2tB1,2 · · · tBg,2ta3ta4tb3tb4 ,(13)
where we have renamed the last curves (the curves ai and bj in the last formula are not
necessarily the same as the previous ones) and they are depicted in Figure 13. (In the
following Figures, the circle labeled j represents the j-th boundary component δj .) We
denote by WIA the right hand side of 13. 
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(a) B0,1, B1,1, · · · , Bg,1, a1, a2, b1, b2. (b) B0,2, B1,2, · · · , Bg,2, a3, a4, b3, b4.
Figure 13. The curves for WIA of odd g.
(a) B0,1, B1,1, · · · , Bg,1, a1, a2, b1, b2. (b) B0,2, B1,2, · · · , Bg,2, a3, a4, b3, b4.
Figure 14. The curves for WIB♯ of odd g.
(a) B0,1, B1,1, · · · , Bg,1, a1, a2, b1, b2. (b) B0,2, B1,2, · · · , Bg,2, a3, a4, b3, b4.
Figure 15. The curves for WIB♭ of odd g.
The relations that come from the other lantern breedings will be constructed in much the
same way as (13) so we will shorten the calculations. We will also use the same symbols as
those in (13) for the simplicity of notation.
3.3.2. Type IB♯. Perform the lantern breedings to WI = tδ1 · · · tδ6 using {a1, x1, δ5} and
{b1, y1, δ6}:
tδ1 · · · tδ6 = tB0 · · · tBg ta1ta3tb1tb3 · tB0 · · · tBg tx1tx2ty1ty2
= tB0 · · · tBg ta1tx1 tb1ty1 · ta3 tb3 t
−1
x1
t−1y1
(tB0 · · · tBg ) tx2ta3ty2tb3
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↓
tδ1 · · · tδ8 = tB0,1tB1,1 · · · tBg,1 ta1ta2tb1tb2 · tB0,2tB1,2 · · · tBg,2ta3ta4tb3tb4 ,(14)
where the resulting curves are shown in Figure 14. We denote by WIB♯ the last word. 
3.3.3. Type IB♭. Perform the lantern breedings to WI = tδ1 · · · tδ6 using {a3, x2, δ5} and
{b3, y2, δ6}:
tδ1 · · · tδ6 = tB0 · · · tB2h−1ta1ta3tb1tb3 · tB0 · · · tB2h−1 tx1tx2ty1ty2
= t−1a1 t
−1
b1
tx2 ty2
(tB0 · · · tBg ) tx2ta3 ty2tb3 · tB0 · · · tBg tx1ta1ty1tb1
↓
tδ1 · · · tδ8 = tB0,1tB1,1 · · · tBg,1 ta1ta2tb1tb2 · tB0,2tB1,2 · · · tBg,2ta3ta4tb3tb4 ,(15)
where the resulting curves are shown in Figure 15 (the figure has been rotated by π with
respect to the central vertical axis so that we may better compare it with the figures for the
other lifts). We denote by WIB♭ the last word. 
3.3.4. Type IIA. Perform the lantern breedings to WII = tδ1 · · · tδ6 using {a1, x1, δ5} and
{b3, y2, δ6}:
tδ1 · · · tδ6 = tB′0 · · · tB′g ta1ta3tb2tb3 · tB′0 · · · tB′g tx1tx2ty1ty2
= t−1
b2
ty2
(tB′
0
· · · tB′g ) ta1tx1 ty2tb3 · ta3 t
−1
x1
(tB′
0
· · · tB′g ) tx2ta3ty1tb2
↓
tδ1 · · · tδ8 = tB0,1tB1,1 · · · tBg,1ta1ta2tb1tb2 · tB0,2tB1,2 · · · tBg,2ta3ta4tb3tb4 ,(16)
where the resulting curves are shown in Figure 16. We denote by WIIA the last word. 
3.3.5. Type IIB♯. Perform the lantern breedings to WII = tδ1 · · · tδ6 using {a1, x1, δ5} and
{b2, y1, δ6}:
tδ1 · · · tδ6 = tB′0 · · · tB′g ta1ta3tb2tb3 · tB′0 · · · tB′g tx1tx2ty1ty2
= tB′
0
· · · tB′g ta1tx1 tb2ty1 · ta3 tb3 t
−1
x1
t−1y1
(tB′
0
· · · tB′g ) tx2ta3ty2tb3
↓
tδ1 · · · tδ8 = tB0,1tB1,1 · · · tBg,1 ta1ta2tb1tb2 · tB0,2tB1,2 · · · tBg,2ta3ta4tb3tb4 ,(17)
where the resulting curves are shown in Figure 17. We denote by WIIB♯ the last word. 
3.3.6. Type IIB♭. Perform the lantern breedings to WII = tδ1 · · · tδ6 using {a3, x2, δ5} and
{b3, y2, δ6}:
tδ1 · · · tδ6 = tB′0 · · · tB′g ta1ta3tb2tb3 · tB′0 · · · tB′g tx1tx2ty1ty2
= t−1a1 t
−1
b2
tx2 ty2
(tB′
0
· · · tB′g ) tx2ta3 ty2tb3 · tB′0 · · · tB′g tx1ta1ty1tb2
↓
tδ1 · · · tδ8 = tB0,1tB1,1 · · · tBg,1 ta1ta2tb1tb2 · tB0,2tB1,2 · · · tBg,2ta3ta4tb3tb4 ,(18)
where the resulting curves are shown in Figure 18 (the figure has been rotated by π with
respect to the central vertical axis). We denote by WIIB♭ the last word. 
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(a) B0,1, B1,1, · · · , Bg,1, a1, a2, b1, b2. (b) B0,2, B1,2, · · · , Bg,2, a3, a4, b3, b4.
Figure 16. The curves for WIIA of odd g.
(a) B0,1, B1,1, · · · , Bg,1, a1, a2, b1, b2. (b) B0,2, B1,2, · · · , Bg,2, a3, a4, b3, b4.
Figure 17. The curves for WIIB♯ of odd g.
(a) B0,1, B1,1, · · · , Bg,1, a1, a2, b1, b2. (b) B0,2, B1,2, · · · , Bg,2, a3, a4, b3, b4.
Figure 18. The curves for WIIB♭ of odd g.
Summary. Each of the six relations we obtained here, namely, WIA = tδ1 · · · tδ8 , WIB♯ =
tδ1 · · · tδ8 , WIB♭ = tδ1 · · · tδ8 , WIIA = tδ1 · · · tδ8 , WIIB♯ = tδ1 · · · tδ8 and WIIB♭ = tδ1 · · · tδ8 , is
obviously a lift of the MCK relation W = 1 for odd g. Furthermore, we can observe that
three of them, that is, WIA = tδ1 · · · tδ8 , WIB♯ = tδ1 · · · tδ8 , WIB♭ = tδ1 · · · tδ8 are indeed
further lifts of the known lift of the MCK relation W = tδ1tδ2 ; just cap off the boundary
components other than δ1 and δ2 (and rotate back the figure for WIB♭ = tδ1 · · · tδ8).
3.4. The case of even genus: g = 2h. We next construct lifts of the MCK relation to Σ4g
for even g = 2h. In order to utilize the relations WI = tδ1 · · · tδ6 and WII = tδ1 · · · tδ6 (which
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hold in Mod(Σ62h−1) = Mod(Σ
6
g−1)), we embed Σ
6
g−1 into Σ
4
g by connecting the boundary
components δ5 and δ6 of Σ
6
g−1 in Figure 11 or Figure 12 with an obvious tube as indicated in
Figure 19. Then the relations become WI = tδ1 · · · tδ4tδ˜5tδ˜6 and WII = tδ1 · · · tδ4tδ˜5tδ˜6 (where
tδ˜5 = tδ˜6).
(a) Embedding for WI. (b) Embedding for WII.
Figure 19. Embeddings of Σ6g−1 into Σ
4
g.
3.4.1. Type IA. Consider the relation WI = tδ1 · · · tδ4tδ˜5tδ˜6 in Mod(Σ
4
g). We can find a four-
holed sphere bounded by {a1, x1, b3, y2}, and hence we have a lantern relation ta1tx1tb3ty2 =
tBg,1tC1tδ˜5 with the curves in the left of Figure 20. We also find another lantern relation
with {a3, x2, b1, y1} as in the right of Figure 20.
Figure 20. Lantern relations.
Applying those lantern relations we alter WI = tδ1 · · · tδ4tδ˜5tδ˜6 as
tδ1 · · · tδ4 = tB0 · · · tBg−1ta1ta3tb1tb3t
−1
δ˜5
· tB0 · · · tBg−1tx1tx2ty1ty2t
−1
δ˜6
= ty2 (tB0 · · · tBg−1) ty2ta1ta3tb1tb3t
−1
δ˜5
tx1 · t−1x1
(tB0 · · · tBg−1) tx2ty1t
−1
δ˜6
= ty2 (tB0 · · · tBg−1) tb1ta1tx1tb3ty2t
−1
δ˜5
ta3 · t−1x1
(tB0 · · · tBg−1) tx2ty1t
−1
δ˜6
= t−1
b1
ty2
(tB0 · · · tBg−1) ta1tx1tb3ty2t
−1
δ˜5
· ta3 t
−1
x1
(tB0 · · · tBg−1) ta3tx2ty1t
−1
δ˜6
tb1
= t−1
b1
ty2
(tB0 · · · tBg−1) ta1tx1tb3ty2t
−1
δ˜5
· ta3 t
−1
x1
(tB0 · · · tBg−1) ta3tx2tb1ty1t
−1
δ˜6
= t−1
b1
ty2
(tB0 · · · tBg−1) tBg,1tC1tδ˜5t
−1
δ˜5
· ta3 t
−1
x1
(tB0 · · · tBg−1 ) tBg,2tC2tδ˜6t
−1
δ˜6
= t−1
b1
ty2
(tB0 · · · tBg−1) tBg,1tC1 · ta3 t
−1
x1
(tB0 · · · tBg−1 ) tBg,2tC2 .
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By renaming the resulting curves, which are depicted in Figure 21, we obtain
tδ1 · · · tδ4 = tB0,1tB1,1 · · · tBg,1tC1 · tB0,2tB1,2 · · · tBg,2tC2 .(19)
Let WIA denote the last word. 
In what follows we further construct other new relations in the same way as (19), so the
procedures will be simplified. We will again use the same symbols as those in (19).
3.4.2. Type IB. Consider the relationWI = tδ1 · · · tδ4tδ˜5tδ˜6 in Mod(Σ
4
g) and apply the lantern
relations with {a1, x1, b1, y1} and {a3, x2, b3, y2}:
tδ1 · · · tδ4 = tB0 · · · tBg−1ta1ta3tb1tb3t
−1
δ˜5
· tB0 · · · tBg−1tx1tx2ty1ty2t
−1
δ˜6
= tB0 · · · tBg−1ta1tx1tb1ty1t
−1
δ˜5
· ta3 tb3 t
−1
x1
t−1y1
(tB0 · · · tBg−1) ta3tx2tb3ty2t
−1
δ˜6
= tB0,1tB1,1 · · · tBg,1tC1 · tB0,2tB1,2 · · · tBg,2tC2 ,(20)
where the resulting curves are shown in Figure 22. Let WIB denote the last word. 
3.4.3. Type IIA. Consider the relation WII = tδ1 · · · tδ4tδ˜5tδ˜6 in Mod(Σ
4
g) and apply the
lantern relations with {a1, x1, b3, y2} and {a3, x2, b2, y1}:
tδ1 · · · tδ4 = tB′0 · · · tB′g−1ta1ta3tb2tb3t
−1
δ˜5
· tB′
0
· · · tB′
g−1
tx1tx2ty1ty2t
−1
δ˜6
= t−1
b2
ty2
(tB′
0
· · · tB′
g−1
) ta1tx1tb3ty2t
−1
δ˜5
· ta3 t
−1
x1
(tB′
0
· · · tB′
g−1
) ta3tx2tb2ty1t
−1
δ˜6
= tB0,1tB1,1 · · · tBg,1tC1 · tB0,2tB1,2 · · · tBg,2tC2 ,(21)
where the resulting curves are shown in Figure 23. Let WIIA denote the last word. 
3.4.4. Type IIB. Consider the relation WII = tδ1 · · · tδ4tδ˜5tδ˜6 in Mod(Σ
4
g) and apply the
lantern relations with {a1, x1, b2, y1} and {a3, x2, b3, y2}:
tδ1 · · · tδ4 = tB′0 · · · tB′g−1ta1ta3tb2tb3t
−1
δ˜5
· tB′
0
· · · tB′
g−1
tx1tx2ty1ty2t
−1
δ˜6
= tB′
0
· · · tB′
g−1
ta1tx1tb2ty1t
−1
δ˜5
· ta3 tb3 t
−1
x1
t−1y1
(tB′
0
· · · tB′
g−1
) ta3tx2tb3ty2t
−1
δ˜6
= tB0,1tB1,1 · · · tBg,1tC1 · tB0,2tB1,2 · · · tBg,2tC2 ,(22)
where the resulting curves are shown in Figure 24. Let WIIB denote the last word. 
Summary. Each of the four relations, WIA = tδ1 · · · tδ4 , WIB = tδ1 · · · tδ4 , WIIA = tδ1 · · · tδ4
and WIIB = tδ1 · · · tδ4 , is a lift of the MCK relation W = 1 for even g. Besides, two of them,
WIA = tδ1 · · · tδ4 and WIB = tδ1 · · · tδ4 , are further lifts of the known lift of the MCK relation
W = tδ1tδ2 .
Remark 1. There is one more known lift of Matsumoto’s relation W = 1 of genus 2 to Σ22
which was found by Baykur-Hayano [9, Lemma 4.6]. The relation (td4td3td2)
2td+td− = tδ1tδ2
in question can be seen as a lift of W = 1 as follows:
tδ1tδ2 = (td4td3td2)
2td+td−
∼ (tB2ttd4(d2)tC)
2tB0td−
∼ tB0(tB1tB2tC)(tB1tB2tC)td−
∼ (tB0tB1tB2tC)
2,
where we put B0 = d+, C = d2, B2 = td4(d3) and B1 = tB2td4(d2) and used an observation
that tB1tB2tC(d−) = B0. By the symbol “∼” we mean the Hurwitz equivalence. The last
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(a) B0,1, B1,1, · · · , Bg,1, C1. (b) B0,2, B1,2, · · · , Bg,2, C2.
Figure 21. The curves for WIA of even g.
(a) B0,1, B1,1, · · · , Bg,1, C1. (b) B0,2, B1,2, · · · , Bg,2, C2.
Figure 22. The curves for WIB of even g.
(a) B0,1, B1,1, · · · , Bg,1, C1. (b) B0,2, B1,2, · · · , Bg,2, C2.
Figure 23. The curves for WIIA of even g.
(a) B0,1, B1,1, · · · , Bg,1, C1. (b) B0,2, B1,2, · · · , Bg,2, C2.
Figure 24. The curves for WIIB of even g.
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factorization actually coincides with the factorization WIIA =WIIB = tδ1tδ2 where δ3 and δ4
have been capped off. It follows simultaneously that WIIA = tδ1 · · · tδ4 and WIIB = tδ1 · · · tδ4
are further lifts of Baykur-Hayano’s lift.
4. Sections of the MCK Lefschetz fibration and the corresponding
Lefschetz pencils
4.1. (−1)-sections of the MCK Lefschetz fibration. Each of the lifts of the MCK
relation constructed in Sections 3.3 and 3.4 implies the existence of four or eight disjoint
(−1)-sections of the MCK Lefschetz fibration. By employing the classification of symplectic
4-manifolds of symplectic Kodaira dimension −∞, we can indeed deduce that those sections
are maximal, that is, there are no more (−1)-sections disjoint from the above ones.
It is a fundamental theorem in the theory of Lefschetz pencils that an oriented closed 4-
manifold admits a symplectic structure if and only if it admits a Lefschetz pencil [13, 16]. In
the case of the MCK Lefschetz fibration fW : XW → S
2 the total space XW is (blow up of) a
ruled surface (a S2-bundle over a compact Riemann surface), which is obviously symplectic.
This class of symplectic 4-manifolds has been well-understood in terms of the symplectic
Kodaira dimension κsym, an analogue of the usual Kodaira dimension for algebraic surfaces,
which is a numerical invariant taking the values in {−∞, 0, 1, 2} (for this notion, see [34]).
That is to say, a minimal symplectic 4-manifold with κsym = −∞ is diffeomorphic to a
rational or ruled surface and vice versa. Since symplectic Kodaira dimension depends only
on oriented diffeomorphism types and preserves under blow up operation, Σ×S2#kCP2 also
has κsym = −∞, where Σ is an oriented closed surface. From the above classification, it is
easy to see that if Σ×S2#kCP2 ∼= X#kCP2 then X has to be a minimal ruled surface unless
Σ = S2 2. Therefore Σ×S2#kCP2 cannot have more than k disjoint (−1)-spheres. Applying
this argument to XW = Σg/2 × S
2#4CP2 for even g ≥ 2 or XW = Σ(g−1)/2 × S
2#8CP2 for
odd g ≥ 3, we conclude the following:
Theorem 2. The genus-g Matsumoto-Cadavid-Korkmaz Lefschetz fibration fW : XW → S
2
admits four disjoint (−1)-sections when g is even and eight disjoint (−1)-sections when g is
odd. When g ≥ 2, this number of disjoint (−1)-sections is the maximal for fW .
Remark 3. When g = 1, the MCK Lefschetz fibration is nothing but the elliptic Lefschetz
fibration E(1)→ S2 and this fibration comes from an algebraic pencil of curves that has nine
base points. Hence, it naturally has nine disjoint (−1)-sections. A set of nine disjoint (−1)-
sections was also explicitly given by Korkmaz-Ozbagci [25] in the form of a monodromy
factorization of the boundary multi-twist. We can also achieve such nine disjoint (−1)-
sections from WIA = tδ1 · · · tδ8 or WIIA = tδ1 · · · tδ8 of genus 1 by further performing a
lantern breeding, say, with respect to {a3, b4, δ3} or {a4, b4, δ1}, respectively
3. Compare this
fact with Table 2; each of types IA and IIA has an extra (−1)-sphere (S2×˜S2 ∼= CP2#CP2)
while the others do not.
Remark 4. From the monodromy factorizations of the boundary multi-twist, we can explic-
itly locate the sections in a handlebody diagram of the MCK Lefschetz fibration by following
the method explained in Section 4 of [25], though we do not dare to draw them here.
2Note that S2 × S2#CP2 ∼= S2×˜S2#CP2 ∼= CP2#2CP2.
3In fact, it is possible (though not obvious) to show that WIA = tδ1 · · · tδ8 and WIIA = tδ1 · · · tδ8 are
Hurwitz equivalent to Korkmaz-Ozbagci’s 8-holed torus relation, to which they performed a lantern breeding
to obtain the ninth (−1)-section.
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4.2. The supporting Lefschetz pencils. By blowing down the maximal disjoint (−1)-
sections discussed above, we obtain several minimal Lefschetz pencils that support the MCK
Lefschetz fibration. We study some topological aspects of those pencils here. For a type
T ∈ {IA, IB, IIA, IIB} for even g we denote by fWT : XWT \BWT → S
2 the Lefschetz pencil
corresponding to WT = tδ1 · · · tδ4 and call it the type T MCK Lefschetz pencil. The same
notation for odd g is used as well.
4.2.1. The diffeomorphism types. We first determine the diffeomorphism types of the total
spaces of the MCK Lefschetz pencils. Since the manifolds are ruled surfaces, which are
topologically the product (the trivial S2-bundle) Σ× S2 or the nontrivial S2-bundle Σ×˜S2
where Σ is the base surface, it is sufficient to determine whether they are spin or not.
Nonspin. Some of the pencils are indeed easy to judge nonspin. Let us consider a Lefschetz
pencil with a fixed monodromy tan · · · ta1 = tδ1 · · · tδk . Suppose that a subsurface S of
the reference fiber is bounded by p vanishing cycles ai1 , · · · , aip and contains q base points
corresponding to δj1 , · · · , δjq . Then by clustering the Lefschetz critical points corresponding
to ai1 , · · · , aip on the same singular fiber, we can obtain a fiber component S
′ that contains
p critical points and q base points. The self-intersection of this closed surface S′ turns out
to be q − p.
Now consider the type IB MCK Lefschetz pencil for even g, which corresponds to WIB =
tδ1 · · · tδ4 . See Figure 22. The vanishing cycle C1 bounds a subsurface of genus g/2 that
contains no base points. We can thus obtain an embedded surface of self-intersection −1,
which is odd. It follows that the total space XWIB cannot be spin. Similarly, we can find
embedded surfaces of odd self-intersection numbers for some of the other pencils. ForWIIB =
tδ1 · · · tδ4 for even g, {C1, δ2, δ4} yields a surface of self-intersection 1. For WIA = tδ1 · · · tδ8
for odd g, {a3, b4, δ3} yields a surface of self-intersection −1. For WIIA = tδ1 · · · tδ8 for odd g,
{a4, b4, δ1} yields a surface of self-intersection −1. Consequently, those pencils are nonspin.
Spin. In contrast, to judge a Lefschetz pencil to be spin would need more work to do.
We employ the following criteria, which was established in [11] generalizing a theorem for
Lefschetz fibrations by Stipsicz [37]:
Theorem 5 ([11]). Let f : X \B → S2 be a Lefschetz pencil and tan · · · ta2ta1 = tδ1tδ2 · · · tδk
the corresponding monodromy factorization. The manifold X admits a spin structure if and
only if there exists a quadratic form q : H1(Σ
k
g ;Z/2Z)→ Z/2Z with respect to the intersection
pairing 〈 , 〉 of H1(Σ
k
g ;Z/2Z)
4 such that
(A) q(ai) = 1 for any i, and
(B) q(δj) = 1 for some j.
Type IA of even g. To begin with, we consider WIA = tδ1 · · · tδ4 for even g. Take the genera-
tors α1, · · · , αg, β1, · · · , βg, δ1, · · · , δ4 (which include an extra generator) of H1(Σ
4
g;Z/2Z) as
in Figure 25(a). The Z/2Z homology classes of the vanishing cycles are calculated as follows:
B0,1 = α1 + · · ·+ αg + δ2;
B1,1 = B0,1 + β1 + βg + δ2 = α1 + · · ·+ αg + β1 + βg;
B2i,1 = B2i−1,1 + αi + αg+1−i for 2i = 2, 4, · · · , g;
B2i+1,1 = B2i,1 + βi + βi+1 + βg−i + βg+1−i for 2i+ 1 = 3, 5, · · · , g − 1;
4Namely, q is a map such that q(0) = 0 and 〈x, y〉 = q(x+ y) + q(x) + q(y).
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(a) For Type IA of even g. (c) For Type IB♯ of odd g. (e) For Type IIB♯ of odd g.
(b) For Type IIA of even g. (d) For Type IB♭ of odd g. (f) For Type IIB♭ of odd g.
Figure 25. Generators of H1(Σ
4
g;Z/2Z) or H1(Σ
8
g;Z/2Z).
hence,
B2i,1 = αi+1 + · · ·+ αg−i + βi + βg+1−i for 2i = 2, 4, · · · , g − 2;
Bg,1 = βg/2 + βg/2+1;
B2i+1,1 = αi+1 + · · ·+ αg−i + βi+1 + βg−i for 2i+ 1 = 3, 5, · · · , g − 1;
and
C1 = δ4;
Bi,2 = Bi,1 + δ3 + δ4 for i = 1, · · · , g;
C2 = δ3.
Put q(αi) = 0 for all i, q(βi) = 1 for i = 1, · · · , g/2, q(βi) = 0 for i = g/2 + 1, · · · , g and
q(δj) = 1 for all j and extend q to a quadratic form on H1(Σ
4
g;Z/2Z). (This extension is
possible since q is consistent with the only defining relation δ1 + · · · + δ4 = 0.) Then it is
easy to check that q(Bi,j) = q(Cj) = 1 for i = 1, · · · , g and j = 1, 2. Thus, q satisfies (A)
and (B) in Theorem 5, which implies that the total space XIA is spin. 
Type IIA of even g. Take the generators of H1(Σ
4
g;Z/2Z) as in Figure 25(b). The Z/2Z
homology classes of the vanishing cycles are
B0,1 = α1 + · · ·+ αg + δ4;
B1,1 = B0,1 + β1 + βg = α1 + · · ·+ αg + β1 + βg + δ4;
B2i,1 = B2i−1,1 + αi + αg+1−i
= αi+1 + · · ·+ αg−i + βi + βg+1−i + δ4 for 2i = 2, 4, · · · , g − 1;
Bg,1 = βg/2 + βg/2+1 + δ4;
B2i+1,1 = B2i,1 + βi + βi+1 + βg−i + βg+1−i
= αi+1 + · · ·+ αg−i + βi+1 + βg−i + δ4 for 2i+ 1 = 3, 5, · · · , g − 2;
C1 = δ2;
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Bi,2 = Bi,1 + δ3 + δ4 for i = 1, · · · , g;
C2 = δ1.
Put q(ai) = q(βi) = 0 for all i and q(δj) = 1 for all j, then q satisfies (A) and (B). 
Type IB♯ of odd g. Take the generators of H1(Σ
8
g;Z/2Z) as in Figure 25(c). The Z/2Z
homology classes of the vanishing cycles are
B0,1 = α1 + · · ·+ αg + δ2 + δ4 + δ5 + δ8;
B1,1 = B0,1 + β1 + βg + δ2 = α1 + · · ·+ αg + β1 + βg + δ4 + δ5 + δ8;
B2i,1 = B2i−1,1 + αi + αg+1−i
= αi+1 + · · ·+ αg−i + βi + βg+1−i + δ4 + δ5 + δ8 for 2i = 2, 4, · · · , g − 1;
B2i+1,1 = B2i,1 + βi + βi+1 + βg−i + βg+1−i
= αi+1 + · · ·+ αg−i + βi+1 + βg−i + δ4 + δ5 + δ8 for 2i+ 1 = 3, 5, · · · , g − 2;
Bg,1 = α(g+1)/2 + β(g+1)/2 + β(g+1)/2 + δ5 + δ6 = α(g+1)/2 + δ5 + δ6;
a1 = β(g+1)/2 + δ5; a2 = β(g+1)/2 + δ7;
b1 = β(g+1)/2 + δ6; b2 = β(g+1)/2 + δ8;
Bi,2 = Bi,1 + δ3 + δ4 for i = 1, · · · , g;
a3 = β(g+1)/2 + δ3; a4 = β(g+1)/2 + δ3 + δ5 + δ7;
b3 = β(g+1)/2 + δ4; b4 = β(g+1)/2 + δ4 + δ6 + δ8.
Put q(αi) = 1 for all i, q(βi) = 0 for i = 1, · · · , (g + 1)/2, q(βi) = 1 for i = (g + 3)/2, · · · , g
and q(δj) = 1 for all j, then q satisfies (A) and (B). 
Type IB♭ of odd g. Take the generators of H1(Σ
8
g;Z/2Z) as in Figure 25(d). The Z/2Z
homology classes of the vanishing cycles are
B0,2 = α1 + · · ·+ αg + δ2 + δ4 + δ7 + δ6;
B1,2 = B0,2 + β1 + βg + δ2 = α1 + · · ·+ αg + β1 + βg + δ4 + δ7 + δ6;
B2i,2 = B2i−1,2 + αi + αg+1−i
= αi+1 + · · ·+ αg−i + βi + βg+1−i + δ4 + δ7 + δ6 for 2i = 2, 4, · · · , g − 1;
B2i+1,2 = B2i,2 + βi + βi+1 + βg−i + βg+1−i
= αi+1 + · · ·+ αg−i + βi+1 + βg−i + δ4 + δ7 + δ6 for 2i+ 1 = 3, 5, · · · , g − 2;
Bg,2 = α(g+1)/2 + β(g+1)/2 + β(g+1)/2 + δ7 + δ8 = α(g+1)/2 + δ7 + δ8;
a1 = β(g+1)/2 + δ3 + δ7; a2 = β(g+1)/2 + δ3 + δ5;
b1 = β(g+1)/2 + δ4 + δ8; b2 = β(g+1)/2 + δ4 + δ6;
Bi,1 = Bi,2 + δ3 + δ4 for i = 1, · · · , g;
a3 = β(g+1)/2 + δ5 + δ7; a4 = β(g+1)/2;
b3 = β(g+1)/2 + δ6 + δ8; b4 = β(g+1)/2.
Put q(αi) = 1 for all i, q(βi) = 1 for i = 1, · · · , (g + 1)/2, q(βi) = 0 for i = (g + 3)/2, · · · , g
and q(δj) = 1 for all j, then q satisfies (A) and (B). 
Type IIB♯ of odd g. Take the generators of H1(Σ
8
g;Z/2Z) as in Figure 25(e). The Z/2Z
homology classes of the vanishing cycles are
B0,1 = α1 + · · ·+ αg + δ5 + δ8;
B1,1 = B0,1 + β1 + βg = α1 + · · ·+ αg + β1 + βg + δ5 + δ8;
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B2i,1 = B2i−1,1 + αi + αg+1−i
= αi+1 + · · ·+ αg−i + βi + βg+1−i + δ5 + δ8 for 2i = 2, 4, · · · , g − 1;
B2i+1,1 = B2i,1 + βi + βi+1 + βg−i + βg+1−i
= αi+1 + · · ·+ αg−i + βi+1 + βg−i + δ5 + δ8 for 2i+ 1 = 3, 5, · · · , g − 2;
Bg,1 = α(g+1)/2 + β(g+1)/2 + β(g+1)/2 + δ2 + δ4 + δ5 + δ6 = α(g+1)/2 + δ2 + δ4 + δ5 + δ6;
a1 = β(g+1)/2 + δ5; a2 = β(g+1)/2 + δ7;
b1 = β(g+1)/2 + δ2 + δ4 + δ6; b2 = β(g+1)/2 + δ2 + δ4 + δ8;
Bi,2 = Bi,1 + δ3 + δ4 for i = 1, · · · , g;
a3 = β(g+1)/2 + δ3; a4 = β(g+1)/2 + δ3 + δ5 + δ7;
b3 = β(g+1)/2 + δ2; b4 = β(g+1)/2 + δ2 + δ6 + δ8.
Put q(αi) = 1, q(βi) = 0 for all i and q(δj) = 1 for all j, then q satisfies (A) and (B). 
Type IIB♭ of odd g. Take the generators of H1(Σ
8
g;Z/2Z) as in Figure 25(f). The Z/2Z
homology classes of the vanishing cycles are
B0,2 = α1 + · · ·+ αg + δ6 + δ7;
B1,2 = B0,2 + β1 + βg = α1 + · · ·+ αg + β1 + βg + δ6 + δ7;
B2i,2 = B2i−1,2 + αi + αg+1−i
= αi+1 + · · ·+ αg−i + βi + βg+1−i + δ6 + δ7 for 2i = 2, 4, · · · , g − 1;
B2i+1,2 = B2i,2 + βi + βi+1 + βg−i + βg+1−i
= αi+1 + · · ·+ αg−i + βi+1 + βg−i + δ6 + δ7 for 2i+ 1 = 3, 5, · · · , g − 2;
Bg,2 = α(g+1)/2 + β(g+1)/2 + β(g+1)/2 + δ2 + δ4 + δ7 + δ8 = α(g+1)/2 + δ2 + δ4 + δ7 + δ8;
a1 = β(g+1)/2 + δ7; a2 = β(g+1)/2 + δ5;
b1 = β(g+1)/2 + δ2 + δ4 + δ8; b2 = β(g+1)/2 + δ2 + δ4 + δ6;
Bi,1 = Bi,2 + δ3 + δ4 for i = 1, · · · , g;
a3 = β(g+1)/2 + δ3; a4 = β(g+1)/2 + δ3 + δ5 + δ7;
b3 = β(g+1)/2 + δ2; b4 = β(g+1)/2 + δ2 + δ6 + δ8.
Put q(αi) = 1, q(βi) = 0 for all i and q(δj) = 1 for all j, then q satisfies (A) and (B). 
We summarize the diffeomorphism types of the MCK Lefschetz pencils in Tables 1 and 2.
Remark 6. We observe from the Tables that our pencils cover all the diffeomorphism types
of minimal ruled surfaces. In addition, as observed in Remark 3 the type IA (or IIA) genus-
1 Lefschetz pencil has one more (−1)-section, which can be blown down to produce the
minimal rational surface CP2. In this sense, we can claim that the MCK Lefschetz pen-
cils exhaust all the diffeomorphism types of minimal symplectic 4-manifolds with symplectic
Kodaira dimension −∞.
4.2.2. The isomorphism classes. From the above results, it follows immediately that the type
TA Lefschetz pencil is not isomorphic to the type TB Lefschetz pencil for TA ∈ {IA, IIA}
and TB ∈ {IB, IIB} when g is even, or TB ∈ {IB♯, IB♭, IIB♯, IIB♭} when g is odd. When g
is even, we can furthermore distinguish type IB and IIB since WIB has a separating cycle
that bounds Σ1g/2 in the (holed) reference fiber while WIIB does not (Hurwitz equivalence for
Lefschetz pencils preserves the topological type of a vanishing cycle). In Table 1 we also list
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Table 1. For even g.
type monodromy spin/nonspin total space separating cycles
IA WIA = tδ1 · · · tδ4 spin Σg/2 × S
2 (g/2; 1), (g/2; 1)
IB WIB = tδ1 · · · tδ4 nonspin Σg/2×˜S
2 (g/2; 0), (g/2; 2)
IIA WIIA = tδ1 · · · tδ4 spin Σg/2 × S
2 (g/2; 1), (g/2; 1)
IIB WIIB = tδ1 · · · tδ4 nonspin Σg/2×˜S
2 (g/2; 2), (g/2; 2)
Table 2. For odd g.
type monodromy spin/nonspin total space
IA WIA = tδ1 · · · tδ8 nonspin Σ(g−1)/2×˜S
2
IB♯ WIB♯ = tδ1 · · · tδ8 spin Σ(g−1)/2 × S
2
IB♭ WIB♭ = tδ1 · · · tδ8 spin Σ(g−1)/2 × S
2
IIA WIIA = tδ1 · · · tδ8 nonspin Σ(g−1)/2×˜S
2
IIB♯ WIIB♯ = tδ1 · · · tδ8 spin Σ(g−1)/2 × S
2
IIB♭ WIIB♭ = tδ1 · · · tδ8 spin Σ(g−1)/2 × S
2
the topological types of separating cycles; (h; l) represents a separating cycle that separates
Σ4g into Σ
l
h and Σ
4−l
g−h. In conclusion, we showed the following result.
Theorem 7. The genus-g Matsumoto-Cadavid-Korkmaz Lefschetz fibration has at least three
nonisomorphic supporting minimal Lefschetz pencils when g is even and at least two such
pencils when g is odd.
For the special case where g = 1, we can actually show that
(A) WIA = tδ1 · · · tδ8 and WIIA = tδ1 · · · tδ8 are mutually Hurwitz equivalent,
(B) WIB♯ = tδ1 · · · tδ8 , WIB♭ = tδ1 · · · tδ8 , WIIB♯ = tδ1 · · · tδ8 and WIIB♭ = tδ1 · · · tδ8 are
mutually Hurwitz equivalent.
We give procedures of Hurwitz moves.
(A). We start from the factorization (13) WIA = tδ1 · · · tδ8 .
tδ1 · · · tδ8 = WIA = tB0,1tB1,1ta1ta2tb1tb2tB0,2tB1,2ta3ta4tb3tb4
∼ tB0,1tB1,1ta1ta2tb1tb2tB0,2tB1,2tb3tb4ta3ta4
∼ tB0,1tB1,1ta1ta2tb1tb2tb′3tb′4tB0,2tB1,2ta3ta4
∼ tB0,1tB1,1ta1ta2tb1tb2tB′1,2ttb′
3
tb′
4
(B1,2) tb′3tb′4ta3ta4
∼ tB0,1tB1,1ta1ta2tb1tb2tB′0,2tB′1,2ta3ta4tb′3tb′4 ,
where b′i = tB0,2tB1,2(bi) for i = 3, 4, B
′
1,2 = tb′3tb′4(B0,2) and B
′
0,2 = tB′1,2tb′3tb′4(B1,2). One
can easily check that the last expression coincides with the factorization (16)WIIA = tδ1 · · · tδ8
after a small readjustment of the reference fiber Σ81. 
(B). We first start from the factorization (14)WIB♯ = tδ1 · · · tδ8 to give the factorization (17)
WIIB♯ = tδ1 · · · tδ8 .
tδ1 · · · tδ8 =WIB♯ = tB0,1tB1,1ta1ta2tb1tb2tB0,2tB1,2ta3ta4tb3tb4
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∼ tB0,1tB1,1tb1tb2ta1ta2tB0,2tB1,2ta3ta4tb3tb4
∼ tb′
1
tb′
2
tB0,1tB1,1ta1ta2tB0,2tB1,2ta3ta4tb3tb4
∼ tB′
1,1
ttb′
1
tb′
2
(B1,1) tb′1tb′2ta1ta2tB0,2tB1,2ta3ta4tb3tb4
∼ tB′
0,1
tB′
1,1
ta1ta2tb′1tb′2tB0,2tB1,2ta3ta4tb3tb4 = WIIB♯,
where b′i = tB0,1tB1,1(bi) for i = 1, 2, B
′
1,1 = tb′1tb′2(B0,1) and B
′
0,1 = tB′1,1tb′1tb′2(B1,1).
Secondly, starting from the factorization (15) WIB♭ = tδ1 · · · tδ8 , the exactly same procedure
of Hurwitz moves as in (A) gives the factorization (18) WIIB♭ = tδ1 · · · tδ8 . Finally, we start
from the factorization (17)WIIB♯ = tδ1 · · · tδ8 to give the factorization (18)WIIB♭ = tδ1 · · · tδ8 .
tδ1 · · · tδ8 =WIIB♯ = tB0,1tB1,1ta1ta2tb1tb2tB0,2tB1,2ta3ta4tb3tb4
= tB0,1tB′0,1tB1,1ta1ta2tb1tb2tB1,2ta3ta4tb3tb4
= tB′
0,1
tB1,1ta1ta2tb1tb2tB′0,2tB1,2ta3ta4tb3tb4 = WIIB♭,
where B′0,1 = tB1,1ta1ta2tb1tb2(B0,2) and B
′
0,2 = tB1,2ta3ta4tb3tb4(B0,1). 
Remark 8. In fact, the two Hurwitz inequivalent factorizations for g = 1 have much simpler
expressions discovered by the author in [18]. It is possible to show that (A) WIA = tδ1 · · · tδ8
and WIIA = tδ1 · · · tδ8 are Hurwitz equivalent to the factorization A8 in [18], and (B) WIB♯ =
tδ1 · · · tδ8 , WIB♭ = tδ1 · · · tδ8 , WIIB♯ = tδ1 · · · tδ8 and WIIB♭ = tδ1 · · · tδ8 are Hurwitz equivalent
to the factorization B8 in [18]. There is a very reasonable evidence that may explain why
we have only two distinct factorizations for g = 1, which is well described in [31]. As the
monodromy of an open book, the boundary multi-twist tδ1 · · · tδ8 in Mod(Σ
8
1) produces the
contact 3-manifold (Y8, ξ8) that is given as the boundary of the symplectic D
2-bundle over
T 2 with Euler number −8. While the symplectic D2-bundle naturally gives a Stein filling of
(Y8, ξ8), there are exactly two more Stein fillings of (Y8, ξ8) according to Ohta and Ono [28].
Those Stein fillings are realized as positive allowable Lefschetz fibrations overD2; the obvious
Dehn twist factorization tδ1 · · · tδ8 gives the symplectic D
2-bundle, and the factorizations A8
and B8 provide the other two Stein fillings.
Remark 9. We could not distinguish (nor identify) all the types of the MCK Lefschetz
pencils for general g ≥ 2, though we believe that they are distinctive. To distinguish them
we need a more subtle invariant of Lefschetz pencils which is not invariant for Lefschetz
fibrations obtained by blowing up at base points.
5. Final Remarks
Questions. We would like to pose some questions regarding the MCK Lefschetz pencils as
well as the problem that we have just mentioned in Remark 9. Since the constructions of
the pencils produced in this paper are purely combinatorial the geometric meanings of them
are not clear. However, the high symmetricity of the vanishing cycles and base points of our
pencils might suggest that some neat geometric structures are hidden in the background. Be-
sides, from the original geometric construction of Matsumoto’s Lefschetz fibration (MCK of
genus 2) we can observe that at least a “half” of the fibration, namely, the Lefschetz fibration
over the disk corresponding to the subword tB0tB1tB2tC , is holomorphic. Considering those
suggestive evidence, it would be reasonable to ask the following: let T ∈ {IA, IB, IIA, IIB}
for even g or T ∈ {IA, IB♯, IB♭, IIA, IIB♯, IIB♭} for odd g.
Question 10. Is the type T MCK Lefschetz pencil holomorphic?
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A weakened version of Question 10 may be still interesting: let g be the genus, n the
number of critical points and b the number of base points of a Lefschetz pencil.
Question 11. Is there a holomorphic Lefschetz pencil on a ruled surface that has the same
data (g, n, b) as those of the type T MCK Lefschetz pencil?
By Gompf’s observation, each type of the MCK Lefschetz pencil provides a symplectic
structure on the total space. Comparing type IA and type IIB for even g, we observe that the
subtle difference of the locations of base points (the pictures are the same only except δ2!)
matters a great deal; they changes the topology of the total spaces. Therefore it would be
interesting to investigate what kind of geometric structures, especially symplectic structures,
reflects the difference of the MCK Lefschetz pencils even when the total spaces are the same.
We note, however, that the symplectic structure for an S2-bundle over a Riemann surface
is unique up to diffeomorphism and deformation according to [26]. Therefore the different
MCK Lefschetz pencils on the same ruled surface define the same symplectic structure after
all.
Applications. As the MCK Lefschetz fibration has been a great source to create new
Lefschetz fibrations, we may expect that the MCK Lefschetz pencils are a good source
to create new Lefschetz pencils —especially, minimal ones— as well. In fact, some of the
pencils have already been used to produce interesting pencils, mainly by the so-called breeding
operation (see [6]).
In [6], Baykur made the most of our pencils. He used WIIA of genus 2 to give a fam-
ily of genus-3 symplectic Calabi-Yau (SCY, for short) Lefschetz pencils that contains all
rational homology classes of T 2-bundles over T 2. Independently of this work, the author
and Hayano [19] similarly used WIIA of genus 2 to realize all homeomorphism classes of T
2-
bundles over T 2 admitting sections, as genus-3 SCY Lefschetz pencils. They also showed
that the pencil homeomorphic to the four-torus T 4 is in fact diffeomorphic to T 4. They
further generalized the construction to gain a genus-g SCY Lefschetz pencil for arbitrary
g ≥ 3 whose total space is homeomorphic (diffeomorphic when g is odd) to T 4. As another
generalization, Baykur [6] utilized WIIA of even genus to construct a genus-g Lefschetz fi-
brations(pencils) for any odd g ≥ 3 with b1 = g + 1, which is the largest among the known
genus-g Lefschetz fibrations(pencils). Even non-maximal lifts are also useful. Capping off
boundary components, Baykur [6] did breeding using WIIA = tδ1tδ2 (with δ3 and δ4 capped
off) and WIIA = tδ1 (with δ2, δ3, δ4 capped off) of genus 2, along with a genus-2 smallest
Lefschetz pencil, to construct genus-3 pencils on exotic CP2#pCP2 for p = 7, 8, 9. By varying
this construction, he also found infinitely many genus-3 noncomplex Lefschetz pencils. One
more application can be found in [8], where WIIA = tδ1tδ2tδ4 (with δ3 capped off) of genus
2 was utilized to find a set of maximal (which is three) disjoint (−1)-sections of the genus-2
Lefschetz fibration discovered in [7] as one having the smallest possible number (which is
seven) of critical points.
As illustrated in those examples, the MCK Lefschetz pencils appear well-suited for the
breeding operation. Besides the above, we can find various other configurations in the
relations we have constructed, with which one may conveniently carry out breedings. We
expect further applications will be followed using them.
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